POTENTIAL DISTRIBUTION IN ION LENSES III

Numerical Calculation of the Potential Distribution
in lon Slit Lens Systems IlI

By A. ]. H. BoerBooM

F.0.M. — Laboratorium voor Massaspectrografie, Amsterdam, Holland
(Z. Naturforschg. 15 a, 253—259 [1960] ; eingegangen am 10. Oktober 1959)

In previous papers 1 2 the potential distribution was calculated in ion slit lens systems, consisting
of three slits in three parallel electrodes and satisfying certain conditions concerning their shape.

In the present paper the computing methods are generalized to slit systems of an arbitrary number
of electrodes, with as the only restriction, that slits broader than the distances to neighbouring slits
are separated by slits, narrower than the respective distance, and that a pair of electrodes with a
mutual distance smaller than their slit widths are separated from the neighbouring slits by distances

greater than the respective slit widths.

For slit systems, satisfying this condition the parameters are computed, necessary to perform the
Scuwarz-CHrisToFFEL transformation. Formulae are given to compute the potential distribution and
field strength. In a typical example the potential distribution and field strength are computed in the
region around two parallel electrodes with broad slits compared with the distance between the

electrodes.

In a previous paper ! methods were developed to
calculate the parameters necessary to compute the
potential distribution in certain three slit lens sys-
tems. The conditions to the slit system were:

1. parallel electrodes,

2. infinite slit lenghts,

3. electrodes thicknesses very small, compared with
the electrode distances and slit widths,

4. all centres of the slits in one plane perpendicular
to the electrodes.

Under the same assumptions the calculations can
be performed for a system with a number of N elec-
trodes.

In Fig. 1 the cross section is drawn of such a
system with a plane perpendicular to the direction
of the slits.

The slit widths are denoted successively by 2s,,
255, ..., 2sy, the electrode distances by zr,
TCTloy ooy TN 9.

For the calculations the following procedure is
adopted. The quantities a, , a,, ag etc. are attributed
successively to the internal and infinite ends of the
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Fig. 1. Cross section of the slit system.

electrodes, as indicated in Fig. 1. These a,, are the
parameters appearing in the formulae (5, 6) for the
calculation of potential and field strength around
the electrodes. They are found as the solution of the
system of 2 N —1 equations !:

+azn-1
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The only solution of this system, with a physical
meaning, is the one in which all a,, are real and

A.]J. H.BOERBOOM

From the quantities a,, the potential distribution
and field strength are found in the following way:
The complex parameter w =u +iv is introduced,

ap>ap1>0. (3)  connected to the coordinates z and y in the slit sys-
tem through the formula
. w+a, w+ta
z=z+iy=w+rn——2: +rglnTll—"+... (4)
Ty —d
w+asy wt aoy_o  alad...aly, 1
+r,,ln —azn +“.+r‘\—llnw‘—a21v-2 agaj...a3y o w'

Here the main values of the logarithms are to be
taken.

The potential is computed as a linear superposi-
tion of the contributions of all electrodes. The con-

tribution of the n't half-electrode is given by

u—vazn}(s)

potential of the n'" half-electrode.

vV
Valu,v) = —:}{arc tan

with V,, =

The field strength is found by differentiation. Along the main axis the contribution of the n'" half-

electrode is given by the formulae

3V (u, v) aV"(u, v) oVn(u,v) aVn(u v)
Jy (6)
Jdy as, . aiaj...ajy, 1 3z
S =lH2nggg bt 2nE i et 2 s G e S
Wn(wsv) _ Va Ggn Gy } OVn(u, v) _Vn ) _ v \
v T a4 ad, v’ +a, of° du a \v? 4+ al, vt a, . f"
In addition to the restriction (3) we find that (see | a I b
section 1) | | \‘ ;
Gy > a2, if 2s, <ary,, | 0zn-3 | w \
(7) Aon-1 —0,-2 0op-1 —=0z,-2
az >a? if 2spa<mr,. 021
- ke * : ot %20 Qnt —=0zpe2

In general, the equations (1, 2) can be solved by
the following methods if a set of two or three sub-
sequent @, of the same order of magnitude is se-
parated from similar sets by at least one order of
magnitude. This means, that the potential and field
strength can be computed by the following methods,
if slits, broader than the distances to the neighbour-
ing electrodes are separated from the rest of the slit
system by slits narrower than these distances (Fig.2a)
and pairs of electrodes with a mutual distance smal-
ler than their slit widths are separated from the
other slits by distances greater than the slit widths
(Fig. 2b).

In the previous paper! the case N=3 and
al, € a,,., was treated; in the paper? N=3, no
restrictions to the a,? were made but is was sup-
posed, that s;=s; and ry=r,. In the next para-
graphs several cases are treated concerning the or-
ders of magnitude of the a,2, with N arbitrary.

f t
! [
| [

Fig. 2. The orders of magnitude of the a;>.

1. Solution of the equations (1,2) for the case

9 2
a;n > am+|

With the assumption
(8)

am >am“ for m=1,2,...,

and neglecting terms of higher order of magnitude,
the equations (1, 2) can be reduced. The integral
appearing in equation (1) can be evaluated in the
complex s-plane along a circle around the origin:

s=ay_1expliog}, —-ale<0.
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Along the whole integration path
Isz—afn[>s2 if m<2n-1,

(9)

Isz—afn‘> a;, if m>2n-1,

so in first approximation

+a.2,._1_a2) —aD) ... (—aBg) (8P —ad,_) 6 8
28,,,\’\:/ (—aj) (—a3z)...(—az.—3 an—1 LW 8
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255
Una o
=02p-1 0 Qn +04

Fig. 3. Integration paths in the complex s-plane.

The integral in equation (2) is evaluated along
the real axis of the s-plane, except for a small semi-
circle around the singular point s=as, :

s—ap=rexp{lig}, —-a<e=<0.

The parts of the integral along the real axis give no
imaginary contribution, so only the part of the in-
tegral along the semi-circle remains. The radius r of
this semi-circle can be taken very small, so along
this path

[sz—afn{>sz if m<2n,
2 2 9 % (11)
[s —am1>a;n if m>2n,
and in first approximation:
T a). . () s...
o —a?) (—a3)...(—a3,_1)s?...s
A SN 5 ) 3 ds.
LN _/ (—ad)(—a))...(s8*—a3,)s*...8 S
A2p+1
agptr asptr
Now Jm ® —=Qm ( > )ds
OW S §*—a3, e 2asn \ s+asm s—asn g
Aan—T agn—T

and the first term gives no imaginary contribution
to the integral. The second term gives

0
-1 o / rdexp{ip} 7
2 asn rexp{igp} 2 asn

°

2 2 2 2
aiaj...a3,—3 a3,

2 12 2 e
a3al...a3, o 2a,,

S0 Ty~

(12)

The exact equations (1, 2) are reduced to the ap-
proximate equations (10, 12) which have the solu-

255
tion given by the recursion formulae
& Sy asn-1 __ Sn 2
= gty = =V2p-2>
2 asn-2 4drn-1
(13)
aen __ Sn —
asm—1  drs  om-l
S1
OF @y= 5 ViV2...Vn_1. (14)

The approximate equations were deduced under the
assumption (8). This corresponds to the condition
v,,2 <1, which means that

2Sn 3 8 4 251) N 8 2
(7!1'n—1> < (7) and(nr") < (;) ’

We may attach the following meaning to the sign <:
if two quantities p and ¢ are connected through
p<gq, p/g<0.1. Then (15) implies that all slit

widths of the system have to be smaller than 0.8
times the distances to the neighbouring electrodes.

(15)

As N denotes the total number of electrodes, ry
can be considered to be infinite and the formulae
(13) give asy=0. If the N electrode has no slit,
2 sy is zero, and asy_1=0. In the latter case one
sees from formulae (4, 5), that only the a, with
m = even have to be calculated.

2

2. Higher approximations in the casea}, > a;,

Higher approximations are found by more ac-
curate integration of the integrals in (1, 2). In (1)
the factors (s*—aj,_,) and (s2—a3,) are taken
into consideration; in (2) the factors (s*—a3,_;)
and (s®*—a3, +1)- The integration gives in second
approximation:

2 2 2
ajaj...as, s

2 2
—_—_—— — - P
Sn=2az_1 a2l .. a3 s {1 10 o §v2n—1},

a3, aid3...a3, 4 {1 o,y — 12
2 02 2 2n— 2nf ¢
20y, a3a3...0Q3,_s 1 "

Tn= (16)
In the first of these equations, for n=1 v, has to be
taken zero.

Putting a, = %vlvg...vn_l {1+_,\:Anmv;2n}, 17)

we get the following scheme for the 4,,, (see p. 256).
We supposed v,,2 <1, butif n>1, 1+2 Ay vp®
could get negative. As we require a,>0, it means,
that it is no longer allowed to neglect the higher
order terms. Therefore, for large values of n it is
better to use the formulae (16), or to use the recur-
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Ay +1/3 0 0 0 0 0 0 0 0
Az —-1/3 | —1 0 0 0 0 0 0 0
As —4/3 —5/3 | +1/3 0 0 0 0 0 0
Ay —4/ —4/3 | —1/3 = 0 0 0 0 0
Asn -1 —4/3 —4/3 | —4/3 —4/3 —4/3 —5/3 | +1/3 0 0
Asn —4/3 —4/3 —4/3 —4/3 —4/3 —4/3 —1/3 -1 0
AsN_» —4/3 —4/3 —4/3 —4/3 —4/3 —4/3 —4/3 —4/3 .. -1

sion formulae derived therefrom:

a = %(1'*”:%”?):

a — v
s L vy o{l — v}, s — 305, s+ 305, 1), (18)
on -2
as 5 ) .
aM'_'l =y -1 {1 + 303, o — 305, 1 — 1;2”}_

However, introducing “adapted” slit widths and
electrode distances defined through

SIZSI (1 +4‘]§’U(12),
S"=S" (1 + %’Ugn-2 + %vgn-—l)’
R" =r"(l + vgn—l + vgn) ’

the solution (13) becomes in second approximation
S am-1_  Sn an _ Sn

"2 am-» 4Rn-1’ am-1 4Rn’
Due to the particular shape of the equations (1, 2)
the definitions (19) can be extended with higher
order terms, to get the exact values of the a,, , given

by (20).

(19}

a; =

(20)

3. Solution of the equations (1,2) when some a,,2
are of the same order of magnitude

When some subsequent quantities @, @p.q...
have squares with the same order of magnitude, this
has to be taken into consideration. The relative fac-
tors (s*>—a,?) ... cannot be reduced to either s2
or (—ay?), on integrating the equations (1, 2). We
distinguish several cases.

; : 2 2 x 2 2
First case: ... Aopo D Aoy 1 =05y D> Aopyq - - -

Integration of the equations (1, 2) along the paths
defined in 1., gives in first approximation:

2 2 2 2
s ajy...0p_3 Ja T Aop—1 + aznl
= 2 2n -1+ c )
& a% oo lon_o 1 za‘ln A2p—1 Aon
2 2 2 2
ay. .. Qg3 Ay — Aoy
rll

5 :
ai...a3, 2a.,

We introduce as, _1/as, = ws,_1 and eliminate all a,,:
Wop—y + 1 _
Wop—1— 1

The function in the right hand side of this equation
is plotted and tabulated in Fig. 4 resp. Table 1, so

Sn 2w

™n wgn—l ==,

+In F(wzy,_1). (21)

S,
n/"n
20 A
15 4
10 4
54
wzn-:
0 === T ) T S ey T
g 15 2 2.5 3 35

Fig. 4. The function F of equation (21).

ws,_1 can be solved from this equation. If the
@ ...a,_» are known from the other equations,
@3, -1 and az, can be found.
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Wan-1 F(wan-1) Wan-1 F (wan-1)
1.01 105.80 1.30 5.805
1.02 55.11 1.50 4.009
1.03 38.04 2.00 2.432
1.05 24.20 2.50 1.7997
1.10 13.521 3.00 1.4432
1.20 7.853 3.50 1.2100

Table 1.

o 9~ 2 2
Second case: ...a5, 1> a5,Za5,.1 > 5 5.

Integration of (1, 2) gives in first approximation:

257
Substituting as,/@2n,1=ws, and eliminating a;...
s .1 We get

2w2,.
Wi, —1

Sn+1 _
Tn

+l u2n+l

(22)
w5, can be found from the same plot or table as be-

fore, and again @, and as,.; can be found if all
preceeding a,, are known.

Third case:

~

2 2 ~ 2 x 2 2
CAoy_g D Aoy Z U5, S A5y 1 D Aopyo- -

2
s _ a?. =i & a‘%n—l P + a%n — Qon+1 ln Aop + Qons1
n+l= T gz, 72t D05, B — Ozn )’ Taking into consideration all significant factors
; a}...a},1 @3, —ad. the integration of (1, 2) provides in first approxima-
n= g2 2 8 tion:
as...as, 2a,, :
2 2 2 2 2
ay...0p-3 £ (a3,—1 — a3,) (a3, — a3,s1) In Qon_1 + Gon @131
Sn = 43 2 A2p -1 2a3 — + 0} s
A3...0q5p2 A Aop—1 — Aop QA3n
2 2
r _ a% v Qoyg (agn—l il a2n) (a%n e a%n'fl)
" - a’g ke a’%n—‘z 2(1%,, :
2 2 2 2
" ai...Q0p-3 {w + (03,1 — 34) (a3, — A3ni1) In Qon + Bons1 i Aon—1 as }
e A 4 .
L a3...a3 o Ems 2a3, QAop — Aony1 a3, Bl

Substituting @a,_1/@2, =ws,_1 and azy/as,.1=1wsn
in the two unknowns ws, _1 and ws, :

all a,, can be eliminated and one gets two equations

Sn 2Woyy w3, +1 Wop—y + 1
2= 2+ In 2 = Fy (w215 W2n) s
™ Wiy —1 wi, —1 Wop—1 — 1 (23)
Sn+1 _ 2 Won w?n—l + 1 Won =} 1
™m w3, — 1 wi 3 — 1 +].Il _‘Fl(w2n’ w2n-1)-

The unknowns ws, _1 and ws, can be found from the

plot in Fig.5 or from Table 2. If a;...as,_2 are

known, as,_1, @, and a@s,.1 can be computed.
333 8 387
m ™ o o -~ e s
g rE & T @
ESEETIEE S S S -
;f_wz,p 120
Snﬂ/r,, Wan=1.30
10 1 Wn=1.50
84 Wap=2.00
w250
o ___wyn=3.00
—_Wyp=3.50
4
2 4
s/r,
0 T e T T L
0 2 4 6 8 10

Fig. 5. The function F, of equations (23).

Fourth case:

o o 9 o
= a’én—S > a’in— A5y > a§n+1 AR

[SESESESES RSN ')

ISR RS R 0 o

:rv:mmw's-.ﬁ.\ E S 5]
Lo 1Ly L & %
s8¢ < & &
EE S 3 S S S N S S S

o 0] T ]

n/’n—l M |

70 |

8-

6 4

4<

2 4

0

]

Fig. 6. The function F, of equations (24).
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. Sn 2wy, Wi, + 1 Wap—y + 1 .
Table 2. The function sl =] + In R | =F1(wap -1, wan) -

Wan-1 3
\‘ 1.01 1.02 1.03 | 1.05 1.10 1.20 1.30 1.50 | 2.00 2.50 3.00 | 3.50
Wan ‘ |

1.01 | 10106 | 5079 3404 2063 1055.9 | 550.6 1 380.7 2428 135.10 96.56  76.07 ‘63.12

1.02 5081 | 2555 1712.6 1 1038.4  532.1 2779 19235 122.82 68.44 4895 38.57 32.01

1.03 3406 1713.4 1148.9 697.0  357.6 186.98 129.55 82.83 46.22 33.08 26.07 21.64

1.05 2067 1040.4 698.1 424.0 217.9 114.28 7933 50.84 28.45 20.38 16.077 113.351

1.10 1062.9 536.0 360.2 219.3 113.29 59.80 41.69  26.87 15.130 10.870  8.586 = 7.136

1.20 562.6 284.6 191.79 117.33 61.14  32.65 2293 14919 8493 6.129 4.852  4.038

1.30 397.1 201.5 136.09 83.59  43.89 23.66  16.727 10.966  6.297 4.560 3.617 = 3.014

1.50 266.6 = 135.90 92.16 56.98 30.28 16.580 11.83¢ 7.849 4.565 3.323 2.643 = 2.206

2.00 172.80 88.77 60.59 37.86 20.50 11.489 8317 5.609 3.321 2435 1943 1.6248
2.50 144.09 74.35 50.93 32.01 17.512 9.930 7.240 4924 2940 2.162 1.7289 ' 1.4471
3.00 130.93 67.73  46.50 29.32 16.140  9.216  6.747 4.609  2.765 2.038 1.6307 1.3656
3.50 123.67 64.09  44.05  27.84 15.383 8.822 6475 4.436 2.669 1.9690 1.5765 1.3206
c 8 Woug Whio— 1. wp,o+1 Wopa +1
Table 3. The function o Wnea Ty — 1 1 P | +In Wiy s — 1 =F,(wan-1,wWon-2).
Wan-2 | |
| 101 | 102 | 1.03 1.05 1.10 1.20  1.30 1.50 2.00 | 2.50 3.00 ‘ 3.50
wan-1"\| | i ‘ ‘
| ‘ | [
1.01 10.607 14.489 |17.825 23.52 [34.51 4948 59.63 |72.70 88.11 94.71  98.18 100.24
1.02 | 7.280 9.230 10.907 |13.768 |19.290 26.81 | 31.91 13848 | 46.22 49.54  51.28 52.32
1.03 = 6.000 7.306 8.429 10.346 14.045 19.085 '22.50 | 26.90 32.09 34.31 35.48 36.17
1.05 ‘ 4.795 5.586 6.266 ‘ 7.427 | 9.668 | 12.720 | 14.788 117.453 1 20.59 21.94 22.65 23.07
1.10 | 3.597 4.002 4.350 | 4.943 | 6.089 7.650 | 8.707 } 10.070 |11.676 12.365 12.727 | 12.941
1.20 | 2.686 2.896 3.078 ! 3.387 3.983 | 4.796 | 5.346 @ 6.056 6.892 7.251 7.439 7.551
1.30 | 2.236 2.381 2.506 | 2.720 | 3.132 3.693 | 4.074 | 4.564 @ 5.142 5389  5.519 5.596
1.50 | 1.7361 1.8288 | 1.9085 2.044 2307 @ 2.664 | 2907 | 3.219 | 3.587  3.745 3.828 3.877
2.00 1.1690 1.2205 1.2647  1.3403 1.4861 | 1.6848 1.8193 1.9928 | 2.197 2285  2.331 2.358
2.50 0.8976  0.9343 | 0.9660 | 1.0199 1.1241 1.2660 1.3621 1.4860 1.6320 1.6946 1.7275 1.7470
3.00 0.7327 | 0.7617 | 0.7866 | 0.8291  0.9111 1.0229 1.0986 1.1961 | 1.3111 1.3604 1.3863 1.4016
3.50 0.6206 | 0.6447 ‘ 0.6653 0.7006 0.7686 0.8613 0.9241 1.0051 1.1005 1.1414 1.1628 1.1756
| | |
Table 4. Potential and field strength along the main axis of the slit system of Fig. 6.
‘ oV oV : v
. I W, |
y Viy) (1) Viy (2) | & 1) o 2) ‘ Pyl C)
— 21.88 0.01000 0.01360 0.00046 0.00062 0.000007
— 10.91 | 0.02000 0.02718 0.00182 0.00247 ! 0.000053
— 4.263 0.05000 0.06776 0.01112 0.01495 ! 0.00080
— 1.956 0.10000 0.13401 | 0.04131 ‘ 0.05374 ‘ 0.00574
— 0.638 : 0.2000 0.2571 1 0.13112 1 0.15082 0.03222
+ 0.583 ' 0.5000 0.5210 ! 0.3982 j 0.25294 0.13511
1.502 : 1.0000 0.7213 | 0.6833 } 0.16701 0.17842
2.744 2.000 0.85366 i 0.88859 | 0.06275 0.13408
5.897 5.000 | 0.94059 0.97984 ‘ 0.01158 0.06184
10.95 10.000 0.97023 0.99487 | 0.00296 | 0.03160
20.97 20.00 0.98511 0.99871 i 0.00074 | 0.01589
In the same way we get:
_ a’% s B a%n—5 a%n—s a%n—? . a%n—l
Tn-1= a% R a’%n—d 2a2n—2 a'%n-2 - a%n ’
_ a% $@% a%ﬂ—S agn-!i a%n—? — a’%n—l Aon—2 I Agn-1 a"gn—S a'gn—l — a’%n Aon—1 + Qopn
Sn= a3...a3, 4 | 205, 0 Q3,5 — a3, Aop—g — Aap—1 2ay, a3, o—a3, oy —Qop |’
_ a% il a%n—s a’%n—li agn—l . a%n
TG 2y, ady— b,
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Sn Won—2 + 1 Wop_y W31 — 1 1 Won_1 + 1
n—1 Wop—g — 1 Won_y Whyo— 1 Wopy — 1
Sn Wop_y Wiy — 1 Won—g + 1 Wop_1 + 1
— = = In +In
n Wop—g Wip—1 — 1 Wap—g — 1 Wop1 — 1

These last functions are plotted and tabulated in
Fig. 6 and Table 3.

If assumptions are made concerning the order of
magnitude of the adjacent a,? for these four cases,
higher order approximations can be found in a simi-
lar way as shown before 2.

5. Numerical example

As an example of the above theory the potential and
field strength are computed in the electrode configura-
tion of Fig. 7, in which 25;,=25,=3 and ar;=1. In
this case a,>=a%>=a,2=b%>~a4®=c% so we use the
formulae (23) of 4, third case.

2 -2 _4.7124 and wy=w,=1.741.
Ty Ty
We find a=0.8144, b=0.4678, ¢=0.2687.
More accurate figures are
a=0.814718, b=0.468027, c=0.268865.

With the latter values for a, b, and ¢ the potential
distribution and field strength along the main axis were
computed, using the formulae (4, 5, 6) for the following
cases:
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=F3(wan_2, won-1),

(24)

=F3(wan_1, won_3).

T

— 3

o Fig. 7.
Numerical example.

-

b—
3 c

X —-

(1) Both electrodes on zero potential, but an external
field of unit field strength right handside of the
lens.

(2) First electrode on potential +1, second electrode
zero.

(3) First half-electrode on potential +1, the other half
of the first electrode and second electrode zero.

In the latter case only the cross field was computed.

The results are given in Table 4 and plotted in Fig. 8.
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